We develop a general theory of the layer circular photogalvanic effect (LCPGE) in quasi twodimensional chiral bilayers, which refers to the appearance of a polarization-dependent, out-of-plane dipole moment induced by circularly polarized light. We elucidate the geometric origin of the LCPGE as two types of interlayer coordinate shift weighted by the quantum metric tensor and the Berry curvature, respectively. As a concrete example, we calculate the LCPGE in twisted bilayer graphene, and find that it exhibits a resonance peak whose frequency can be tuned from visible to infrared as the twisting angle varies. The LCPGE thus provides a promising route towards frequency-sensitive, circularly-polarized light detection, particularly in the infrared range.
Recent years have seen a surge of interest in twisted van der Waals heterostructures consisting of atomically thin crystal layers. From a structural point of view, twisted layers are interesting because not only are they chiral, but their chirality can be readily controlled by varying the twisting angle [1] . For example, bilayers with opposite twisting angles are mirror images of each other, therefore they possess opposite chirality. This structural flexibility makes twisted van der Waals heterostructures a versatile platform to investigate chirality-dependent phenomena. One such example is the surprisingly strong circular dichroism reported in twisted bilayer graphene at large twisting angles [1] [2] [3] [4] [5] .
In this Letter, we explore the consequence of structural chirality of twisted van der Waals bilayers in nonlinear optical effects. We show that a static, out-of-plane dipole moment can be induced by circularly polarized light at normal incidence [ Fig. 1(a) ], which we refer to as the layer circular photogalvanic effect (LCPGE). We first derive a general expression of the LCPGE coefficient, valid for any quasi two-dimensional chiral bilayers. The LCPGE has an elegant geometric interpretation: it consists of two types of interlayer coordinate shift, weighted by the quantum metric tensor and the Berry curvature, respectively. In this regard, the LCPGE is distinctively different from the bulk CPGE [6] [7] [8] [9] , and resembles more of the shift current [10] [11] [12] [13] [14] [15] .
We then demonstrate the tunability of the LCPGE in twisted bilayer graphene. We find that the LCPGE signal exhibits a resonance peak determined by three factors: the enhanced density of states, the quantum metric tensor, and the finite interlayer coordinate shift. The peak frequency can be tuned from visible to infrared with decreasing twisting angle and, at the same time, its magnitude increases sharply ( Fig. 4 ). For example, at about 2 • twisting angle, the induced voltage difference between the two layers is found to be 20 µV by a circularly polarized light at 250 meV with a power of 1 mW/µm 2 . These properties make the LCPGE in twisted bilayer graphene a promising candidate towards frequency-sensitive, circularly-polarized light detection in the infrared range. General Theory.-Let us consider a generic quasi twodimensional chiral bilayer, i.e., its structure lacks any mirror plane and inversion center. The out-of-plane dipole moment is represented by the operatorp = −eσ z , where the Pauli matrix σ z operates in the layer index subspace and we have set the distance between the two layers to be unity. We further assume that the system has an in-plane C 2x axis, as is the case of twisted bilayer graphene. The C 2x symmetry forbids the existence of the out-of-plane dipole in equilibrium.
Under normal incidence, the dipole p has the following static component
We can decompose the response coefficient χ ij into a symmetric part χ s ij and an antisymmetric part χ as ij . Sincê p is odd under C 2x , χ s ij can only have off-diagonal components. In addition, if there is a more-than-two-fold rotational axis in the z-direction, χ s ij has to vanish. In contrast, χ as ij transforms as a pseudoscalar, i.e., it is invariant under rotation, but flips sign under mirror reflection and space inversion. Therefore χ as ij is allowed as long arXiv:1911.04049v1 [cond-mat.mes-hall] 11 Nov 2019
as the crystal structure is chiral. The antisymmetric tensor χ as ij directly couples to the handedness of light. This can be seen by recasting the polarization p due to χ as ij into the following form
where β = −iχ as xy . The expression inside the square bracket is proportional to the fourth Stokes parameter which reflects the circular polarization of light.
The LCPGE coefficient β can be obtained as follows. In the presence of an incident light, the Hamiltonian readsĤ =Ĥ 0 + ev ·Â withĤ 0 the unperturbed Hamiltonian and A the vector potential. We then solve the change to the density matrix up to second order and use it to calculate p . The details are left to the Supplemental Material [16] . Let β = −e 2 β 0 /ω 2 ; we find that β 0 is given by a summation over three band indices,
where (v α ) m and p nm are the velocity and dipole matrix element in the band basis, respectively,
Two phenomenological parameters η 1 and η 2 have been introduced to take into account of various relaxation processes. Geometric origin.-We now reveal the geometric origin of the LCPGE. We first show that the intraband contributions (ε n = ε m ) in Eq. (3) vanishes. For nondegenerate bands, ε n = ε m implies that n = m. In this case,
, which is odd under time-reversal. Since both the band energy ε n and the dipole moment p mm are even under time-reversal, the integral in Eq. (3) vanishes for intraband contributions. One can prove that the same conclusion also holds for the degenerate case.
Next we consider the interband contributions (ε n = ε m ). If η 1 |ω nm |, we can approximate ω nm + iη 1 ≈ ω nm . It is convenient to introduce an auxiliary Hamil-tonianĤ 0 (λ) =Ĥ 0 + λp with λ being the layer potential difference. We can then write the interband dipole moment as p nm = u n |p|u m = ω nm ∂ λ u n |u m , where e ik·r |u n (λ) is the λ-dependent Bloch function ofĤ 0 (λ). Insert this expression into Eq. (3) and let λ → 0 in the end. We find that, in the clean limit (η 2 → 0), β 0 can be written as a summation over only two band indices [16] , 
where β G is the geometric factor given by
We now explain the various terms in β G . The quantities (Ω z ) n and (g ij ) n , defined by
have the meaning of the band-resolved Berry curvature and quantum metric tensor, respectively. They have the property that summing over one band index will recover the full Berry curvature and quantum metric in the other band, i.e., =n (Ω z ) n = (Ω z ) n and =n (g ij ) n = (g ij ) n [17, 18] . The quantities (R as ) n and (R s ) n are given by
where (φ ± ) n = arg(v ± ) n is the phase of the velocity matrix element v ± = v x ± iv y , and (a λ ) n = u n |i∂ λ |u n is the Berry connection. Note that due to the appearance of a λ , both R ± and R as,s are gauge-independent. One immediately recognizes that the expression for R ± shares a striking similarity with the coordinate shift in the shift current expression, with the latter given by R n = ∂ k φ n − (a k ) n + (a k ) [10] [11] [12] [13] [14] , where φ n = arg(v x ) n and (a k ) n = u n |i∂ k |u n . Since λ is conjugate to the dipole moment p, we can interpret R ± as the interlayer coordinate shift, which has the desired property that it flips sign under mirror reflection M z with respect to the xy-plane. Thus the LCPGE can be interpreted in terms of geometric quantities defined in the (k, λ) parameter space: it consists of two types of interlayer coordinate shifts, weighted by the band resolved quantum metric and the Berry curvature, respectively.
The two-band formula in Eq. (4) and Eq. (5) also provides a simple picture of the LCPGE as shown in Fig. 1(b) . Let us write the integrand of Eq. (4) as
where (W ± ) n = ω n [(Trg ij ) n ∓ (Ω z ) n ] is nothing but the oscillator strength of the left and right circularly polarized light for the transition from n-th to -th band [19] , and (p ± ) n = ω n (R ± ) n describes the change in the dipole moment that occurs as an electron absorbs a chiral Table I . We can see that β G is odd under chirality reversal operations such as inversion and mirror operations.
Before closing this section, we wish to remark that even though our LCPGE shares the same symmetry requirement as the out-of-plane component of the bulk CPGE, their geometric origins are completely different. The bulk CPGE is determined by the Berry curvature dipole [6] [7] [8] [9] , while our LCPGE resembles more of the shift current [10] [11] [12] [13] [14] [15] , and depends on both the Berry curvature and the quantum metric tensor.
Twisted bilayer graphene.-We now apply our theory of the LCPGE to twisted bilayer graphene. We begin with an AB stacked bilayer graphene, then twist one of the layers around a point where the top and bottom lattice points overlap. At arbitrary twisting angle except when θ = nπ/3, the resulting structure, whether commensurate or incommensurate, always respects the chiral D 3 or D 6 group [20] [21] [22] [23] .
The twisted bilayer graphene is modeled using a tightbinding Hamiltonian at commensurate angles, following the procedure outlined in Ref. [24] . To see the characteristic behavior of the LCPGE, we choose the twisting angle θ = 21.8 • , which contains 28 atoms in the unit cell. We plot β 0 as a function of the photon energy in Fig. 2 , calculated using Eq. (3). We can see that below a threshold photon energy, β 0 is approximately zero. It then develops a sharp peak at around 2.8 eV, followed by finite but oscillating behavior.
Three factors conspire to render the appearance of the resonance peak in β 0 : a large joint density of states, a peak in the geometric tensor (Tr g), and a finite shift between layers (R as ). To demonstrate this, we first plot the joint density of states (jdos) in conjunction with β 0 in Fig. 2 , which is defined by
In the flat region where β 0 is close to zero, the joint density of states varies linearly, demonstrating the typical behaviour of the two-dimensional Dirac point. As the joint density of states rises sharply, so is β 0 . However, the first peak of β 0 does not coincide with that of the joint density of states, although there are synchronized but much weaker peaks at higher energies. This shows that even though the increased density of states contributes to the enhanced β 0 , it is not the only factor. We now reveal the geometric origin of the peak. In Fig. 3(a) , we plot the energy bands along high symmetry lines and label the optical transition responsible for the peak in β 0 . We can see that the band dispersion around the Dirac point ceases to be linear at the M -Γ line that bisects the two Dirac points. On this line a local band edge is developed, rendering a relatively flat region, which hosts the optical transition for the peak in β 0 and is responsible for the sharp rise of the joint density of states shown in Fig. 2 . This will provide ample initial and final states for the optical transitions and hence amplify the magnitude of β 0 . In Fig. 3(b) and (c), we plot the quantum metric tensor and the layer shift R as corresponding to the two transitions labeled in Fig. 3(a) . We find that near both transitions, the shift R as is close to −π without much variation, while the quantum metric tensor experiences peaks which eventually leads to the peak in β 0 . This turns out to be the dominant geometric contribution to the LCPGE peak since we have found that there is no contribution from the second term in Eq. (5) as the Berry curvature vanishes for the two bands involved in the optical transition. This is due to the 2D Dirac point with a vanishing band gap. We expect this contribution to appear in twisted transition metal dichalcogenides.
The appearance of the resonance peak in the LCPGE is a general feature of twisted bilayer graphene. As shown in Fig. 4 , the resonance frequency varies from visible to infrared as the twisting angle decreases from 22 • to 2 • . This is expected because the twisting angle controls the energy where the Dirac cones from the top and bottom layer intersects, at which the LCPGE becomes appreciable. Figure 4 also shows the induced voltage difference between the two layers, calculated from V = p / 0 with 0 the vacuum permittivity. This voltage difference can be probed by, for example, capacitance measurement [25] . We can see that the voltage increases considerably with decreasing twisting angles, owing to the decreasing peak frequencies and the prefactor 1/ω 2 in β. The LCPGE signal can be further enhanced in multilayer chiral stacked structures.
Finally, we plot the real-space map of the induced layer potential in Fig. 5 at θ = 2.87 • . We see that the potential is almost uniform throughout the entire unit cell with moderate variation, with minima near the AA-stacked region and maxima near the AB/BA-stacked region. Note that the potential never changes sign. Therefore if there is moderate lattice relaxation or strain, we do not expect any cancellation effect, and the LCPGE should be relatively robust effect against relaxation. On the other hand, it has been shown that for twisting angle smaller than 2 • , the lattice relaxation changes the band structure significantly [26] , and we leave the LCPGE in this situation for future study.
In summary, we have studied the layer circular photogalvanic effect in quasi-two-dimensional chiral materials, and revealed its geometric origin. This geometric view offers a route to designing nonlinear optical chiral materials. The calculated LCPGE coefficient in twisted bilayer graphene exhibits a highly tunable resonance peak as a function of the twisting angle and photo energy, which may be useful for frequency-sensitive, circularlypolarized light detection, particularly in the infrared range
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